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MATH 251 Exam 2 — Sample Test — Detailed Solutions

(1)

Yoo+ ay= Ssin(2%)
Find Ve

f1+<\ =0
% =29

- Yez Cicos(dX) + Casin (ax)
e 2AC

Find \r3

Np= Acos(2y) + Bsin(ax)
Yo!= = 2ASin(2x) + 2Bcos(2x)

Vo' = ~mAcos(2x) -~ LBsin@2x)

N 4 qy:= 55in(2x)
- LACOS(2X) - MBSIN(24) + AACoS(24) +aBsin(ax) = Bsin(2x)
SACos(2x) + SBsin(@x)=z 6cos(ax) + Ssin(2x)

A-:.o/ L

u v

3=5

B=\

Yp = SVn (21)

¥ =N \lp

Y2 € cos(3x) » Casin(dx) » Sin(ax)
Yolue = Q=G

Y= Casin(2x) + sin(2x)

Vs Slseas By « 2cos (2x)

N'(O)Y =B = Q:3Ca+2
= 3C,y
Caz=?2

N= 2 sin(3x)+sn(2x)



NN w25y 2cos(5x)

F\V\A \\c.:

2
(2520 .
0 N - cicos(mx) + Casin(%x)

Find V!
Np = Aws(Bx) + BSiN(5x) —aneed *o mod\‘C\(

Np = X (Acos (3x) +BIN(B)

Np 'z X[-8ASIN(SA) * SBWOS(SK) + ASHK) * BN (5X)

Np!'= x(-25Aa0s(%X) - 23B5iN(5¢)) - BASINEX) + s8COS(5x)

- BA 3 (Bx) * SBLOS(SX)

= _2B8AXCos(5x) -25BRSIN(Bx) —\OA sS\n(Sx) & \oBcos(Sx)

N 25\ Acos(Bx)
-28ARCOS(BK) - 25 BXSIN(BX) - WA SIN(5) + \0BcoS(5x)

+ 25 A xCOS(Bx) » 25 BX 3IN(Sx) = Bdcos(Bx)

—\0ASIN(BX) + \0oBcoS(Bx)= 3Ccos(sx)
A = —
o . 8=

\/P = %x 5iﬁ(5>()

Nz Cicos(Bx) + CaSin(Bx) 4+ %XS'\Y'\(EX)



=

Fs=\6, Xz 2 ™t o+ oox' + Kxz Acos(wt)
C:o L* :ind k‘_
‘:3:‘. R X
\e = k-2
<=9

2x" & ex = aceslwr)

4 I ") =
Wl Bl wa

=7



fg\ =1 A X" +ay = locos(rx) , xte)=z=o, x\(e) =0
=0
K=4
X(e)=o
X'(o)20
b) Find X!

o & gl .

S Xe = &cos(3t) + Casin(3t)

Ve

Find )(':

Xp: ACos(B3t) + Bsin(3t) —» need +o modx‘ﬁ/

X = £ (Acos(3t) + BSIn(@)

%! = £ ((3AsIN () + 2RCos(aL) +ACOSGE) + Bsin(3t)
Xp": k (-9ACOS(BY) -aBsin (A1) -3AsIN(3) +38WOSEE) - BASIN(IY) +3BCOSRBL)

= ~qALCOSBL) - ABESINGE) - CASINGE) + @BCOS (3t)

X" rax z\ocos(at)

AARCOS(RL) - ARL SIN(AL) - GASIN (L) ~GBLOS(AE) 4+ AAL coS@t) +ABESIN(3E) =
wocos(3t)

~ A SN (31) +6RS(B%) —osin(®t) + \ccos(®x)

R L)
A=0O, 0B =
B=\0_ S
% °

X(2)= Xe + XP
) + St sin ()

XC(E) s CLcos(RE) 4 Ca s (3+ 2



RS o=l & i 6. % B %9

€ =60
(&) = Ca sin(2&) « _53\: sin(3k)

(&) = BCacos(t) * %t('z,cost%\\ i s\ak’&ﬂ-%

Y‘(o):o ww O28C * 0 30

Ca=0

Xl & %‘\: s\ (3t)

C\ \\QS



Start by finding the characteristic equation:
1-rn@B-r)—8=0
3—4r+1r?2-8=0
r2—4r—-5=0
r=5r=-1
Forr =5, find the associated k:

[125 335]=[_44 —22]
oty = o]

Forr = —1, find the associated k:

A—rl
[111 3J2r1]=L21 LZL

Solk; = [—11]

x(t) = Cike™t + Cyk,e™t

x(t) =C; [;] et + C, [_11] et



Start by finding the characteristic equation:
r2—8r+16=0
r—-4)(r-4)=0
r=4r=4
For r = 4, find the associated k:

A—rl
[3—_14 5 i 4] - [j 1

Sok = [ﬂ, and there is only 1 linearly independent eigenvector. Therefore, the solution will take

the form:
x(t) = Cike™ + C,(kte™ + ne™)

To find n:

A-rDn=k
-1 1ymMi_n
[—1 1] [le] B [1]
=ln +1n, =1
Choose any n; and n, that satisfy the above equation:
m= 0' N2 = 1

Son = [(1)], and the overall general solution is:

=G [tJer s ([fe+ 0e)

Use the initial value of x(0) = [_43]
EARTAHEEA(H)

4=¢
-3=0(,+6C,
1@ =4l =7 (e e

[ 4e*t — Tte*t
x() = [—3e4f — 7t34t]



Start by finding the eigenvalues:

2-1r)2+16=0

2-7r)2=-16
2—1r=+4i
r=2=+4i
Forr = 2 4 4i, find the associated k:
[2—(2+4i) 4 ]_[—41' 4]
—4 2—2+4)] L-4 -—4i

soks= (4 +[J)

x(t) = C,e*t ([g] cos(4t) — [g] sin(4t)) + C,e?%t ([g] sin(4t) + [2] cos(4t))

{3 = 4¢,

8 = 4G,

C, =3/4
Cl =2

x(t) = %e“ ([g] cos(4t) — [g] sin(4—t)) + 2e?t ([g] sin(4t) + [2] cos(4t))

e2t(3 cos(4t) + 6sin (4t)

x(t) = [ezt(_3 sin(4t) + 6 cos(4t)



Start by finding the eigenvalues:

(-2-r@4-r)+5=0
—8+2r—4r+r?+5=0

r2—2r—3=0
r—-3)(r+1)=0
rn = 3,7'2 =-1
Forr, = 3, find the associated k,: Forr, = —1, find the associated k,:
[—2—3 1 ]=[—5 1 [—2+1 1 ]=[—1 1
-5 4-3 -5 1 -5 441 -5 5
1 1
So k1 = [5] So k2 = [1]

X(t) = Clklth + Czkzerzt
— ¢ [1] .3t 11 ¢
x(t) =C; [S]e +C, [1]6

{1=C1+Cz
3=5C,+0,

3=05-4C,
C,=1/2
C,=1/2

x(® =5 [L et + 5[} e



9. Linearly independent since W + 0

Solution:
2e5tcost 4etsint ]
W(xq,x,) =
(%1, %2) 4e5tsint —8eStcost
W (xq,x,) = —16e% cos? t — 16e'% sin? t = —16e%(sin? t + cos? t) = —16e°t # 0.

10. Linearly Dependent since W = 0

3e7t —6et

W(xs, x2) = —2et  4e7t

] = 12¢~2t — 12¢72t = (

11.
Manipulate the integral to get in the form | 000 e Stf(t) dt, then take the Laplace transform of f (t).

J e Ste™4t cos(7t) dt
0

f(t) = e *cos (7t)

s+ 4

L{e™* cos(7t)} = G+4Z+49



12.

1+u(t—1)(t?—1) +u(t — 2m)(cost — t?)

L{1} + L{u(t — )% — D} + L{u(t — 2m)(cost — t2)}

1
3 +e S L{(t + 1)? — 1} + e~ 2™ L{cos(t + 2m) — (t + 2m)?}
1
5 +e S L{t? + 2t + 1 — 1} + e 2™ L{cos(t) — (t? + 4mt + 47?)}

1
5 + e7S L{t? + 2t} + e 2™ L{cos(t) — t? — 4mt — 4m?}




13.
a. Use Partial Fractions, then take the inverse Laplace.

36 —s _A+ B 4 c
s(s+6)2 s (s+6) (s+6)2

36 —s=A(s +6)*> + Bs(s + 6) + Cs

s=0-A4=1
s=—6->C=-7

36 —s=1(s +6)2+Bs(s +6) — 7s
36 —s =s%+12s+ 36 + Bs? + 6Bs — 7s

Equating the coefficients givesus 1 + B = 0,s0 B = —1

36 —s _1 1 7
s(s+6)2 s (s+6) (s+6)?

_1{1 1 7

—_ — —_— =1_ _6t_7—6tt
s (s+6) (s+6)2} € €

b. Since the denominator does not factor, start by completing the square.

25 — 2
s24+2s+1+17-1
s—1
‘G0 +16
s+1-1-1
‘G0 +16
s+1 2
(s+1)2+16_(s+1)2+16]

Now take the inverse Laplace

ZL'l[ s+1 1 2x%2 ]
(s+1)2+16 2(s+1)?*+16

1
=2 [e‘t cos(4t) — Ee‘t sin(4t)]



Take inverse Laplace of each term separately. You will have to complete the square for the first

term...
-1 {e—3s S

s2+65s+9+25—9

56‘45}

S

L_l —-3s -5 —4s
© " G+3)z+16 ¢
s+3-3
L_l —-3s -5 —4s
© " G+3)z+16 ¢

_ _ s+3 3 _
L‘l{e 3s< _ )—56 45}
(s+3)2+16 (s+3)2+16

1 _3s s+3 3 B e

Ll{e3((s+3)2+16_(5+3)2+16)}_L 1{56 4-}

=u(t—3)L‘1{< s+3 B 3 ) }—58(t—4)
(s+3)2+16 (s+3)2+16/l,_,_,

_ _ s+3 1 3(4)

=u(t—3)L 1{<(S+3)2+16_Z(s+3)2+16) t=t—3}_55(t_4)

=u(t —3) [6_3(t_3) cos(4(t — 3)) —23‘3(“3) sin(4(t — 3))] —55(t—4)



14. Start by finding the Laplace transform of both sides.

L{"}+4L{y'} + 3L{y} = L{26(t — 1)}

s2Y —s-y(0) —y'(0) + 4[sY —y(0)] + 3Y = 2¢~°
S%Y — 24 4sY +3Y = 2¢~S

S%Y +4sY +3Y = 2e75 + 2

(s2+4s+3)Y =2e5+2

2 2
(s+3)(s+1)+(s+3)(s+1)

y=/L"1 {e‘s - + : }
(s+3)(s+1) (s+3)(s+1)

— —S

Partial Fraction Decomposition:

2 A N B
(s+3)(s+1) s+3 s+1

»A=-1,B=1

Back to the equation:

- [l o e
= ¢ s+3 s+1 s+3 s+1

= t—1L‘1{—
y=u ) s+3+s+1

b st
t=t—-1 s+3 s+1

y=u(t —1)(—e 30D 4 o=(-D) _ o3t 4 o=t



15. Start by finding the Laplace transform of both sides.

L{y"} = 9L{y} = L{u(t — 6)} + L{5(t — 3)}

—-6Ss

s2Y —s-y(0) —y'(0) —9Y = +e73s
—-6Ss

e
sy —9Y = +e73s

S

—65

Y(s?2—-9) = +e738

S

—-65 -3s

e e
= e+96-n T 6+36-3)

y=L" {6_65 s(s + 3;(5 = 3)} L {6_35-}

PFD #1:
1 _A+ B 4 c
s(s+3)(s—3) s s+3 s-3
A= B—1 C =
9’7 718" 18

(s+3)(s—3)=s+3+s—3

A= 13—1
6 6

LTI IERER I SRR
Y= € 95718 s+3 18 s—3 ¢ 6 s+3'6s-3

18 5+3 18 5—3

1 1 1 1 1 +t3L‘111+11
S ) u( ) <6s+3 6s—3)

y=lmt—6)L-1(—%-

t=t—6 t=t-3

1 1 1 1 1
y =u(t—6) (—5 + Ee‘“t‘(’) + Ee3(t‘6)) +u(t —3) (—86_3(t_3) + ge3(t‘3))



16.
a. True

b. False-A=./(C)?+(C;)?=V2Z2+22=+/8

c. False - It will remain constant.

17.

r’+4r+9=0
r=-2+5i
x(t) = Cre? cos(V5t) + C,e 2 sin(V5t)
x(0) = 0:
0 = C; cos(0) + C, sin(0)
€, =0
x(t) = C,e~?tsin(V/5¢)
x'(t) = V5C,e %t cos(V5t) — 2C,e %t sin(V/5t)
x'(0)=1:

1 =/5¢, cos(0) — 2C, sin(0)
C,=1/V5

x(t) = V—%e‘“sin(w@t)

b. m=1,y=4k=9

Underdamped

0 = sin(V5t)
V5t = nn

nm

V5

t=



5
m=1,L =E,y =0, x(0=1x'(0=0

a. Use Hooke'’s Law:

mg = KL
10 = 3)
k=4

x"+4x=0,x(0)=1,x'(0)=0

r’2+4=0
r? = 42i
x(t) = C; cos(2t) + C, sin(2t)
x(0) = 1:
1 = C; cos(0) + C, sin(0)
Cl - 1
x(t) = cos(2t) + C, sin(2t)
x'(t) = —2sin(2t) + 2C, cos(2t)
x'(0) = 0:
0 = —25sin(0) + 2C, cos(0)
O - CZ
x(t) = cos(2t)

c. The system is undamped, so the lowest point is equal to the amplitude.

A =+/(C)?+ (C,)? = /12 + 02 = 1 m below the equilibrium position

x(t)=0
cos(2t) =0

2n+1
2t=%

t_(2n+1)1r
- 4



