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𝑢 = 1 + 𝑥!	
	

𝑑𝑢 = 2𝑥𝑑𝑥	
	

𝑑𝑥 =
𝑑𝑢
2𝑥
	

	
	
	
	

MATH141	Final	Exam	(Review	of	Ex	1,	2,	&	3)	–	Sample	Test	–	Detailed	Solutions	
	
Problem	1:	B	
Use	integration	by	parts	
	

𝑢 = tan"# 𝑥 																		𝑣 = 𝑥	
	

𝑑𝑢 =
1

1 + 𝑥!
𝑑𝑥										𝑑𝑣 = 𝑑𝑥	

	
Applying	the	formula	gives	us:	
	

𝑢𝑣 −.𝑣 𝑑𝑢	

	

𝑥 tan"# 𝑥 − .
𝑥

1 + 𝑥!
𝑑𝑥	

	
Use	a	𝑢	substitution	to	compute	the	remaining	integral:	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
Now	evaluate	from	0	to	1:	

/𝑥 tan"# 𝑥 −
1
2
ln	(1 + 𝑥!)3

$

#
	

	

/tan"#(1) −
1
2
ln	(2)3 − /0 −

1
2
ln(0)3	

	
𝜋
4
−
1
2
ln 2	

	
	 	

	

.
𝑥

1 + 𝑥!
𝑑𝑥	

	

= .
𝑥
𝑢 7
𝑑𝑢
2𝑥8

	

	

=
1
2
.
1
𝑢
𝑑𝑢	

	

=
1
2
ln 𝑢	

	

=
1
2
ln(1 + 𝑥!)		

	
	



Problem	2:	D	
Since	all	powers	or	sine	and	cosine	are	even,	use	the	half-angle	identities:	
	

!
1
2
(1 + cos 2𝑥)	

1
2
(1 − cos 2𝑥)

!/#

$

𝑑𝑥	

	

1
4! 1 − cos%(2𝑥)

!/#

$

𝑑𝑥	

	
Use	the	half	angle	identity	again:	
	

1
4! /1 −

1
2
(1 − cos(4𝑥)0

!/#

$

𝑑𝑥	

	

1
4! 1

1
2 −

1
2 cos(4𝑥)2

!/#

$

𝑑𝑥	

	
1
4 3
1
2 𝑥 −

1
8 sin

(4𝑥)7
$

!/#

	

	
1
4 3

𝜋
16 −

1
8 sin :

𝜋
2;7 −

1
4 30 −

1
8 sin

(0)7	
	

1
4 3

𝜋
16 −

1
87 =

1
4 3
𝜋 − 2
16 7 =

𝜋 − 2
64 	

	
	
	
	
	 	



Problem	3:	E	
Use	integration	by	parts,	twice.			
	
Apply	integration	by	parts	with:	

𝑢 = 𝑥!																		𝑣 =
1
2
sin(2𝑥)	

	
𝑑𝑢 = 2𝑥𝑑𝑥										𝑑𝑣 = cos(2𝑥) 𝑑𝑥	

	

𝑢𝑣 −.𝑣 𝑑𝑢	

	
1
2
𝑥!sin	(2𝑥) − .

1
2
2𝑥 sin(2𝑥) 𝑑𝑥	

	
1
2
𝑥!sin	(2𝑥) − .𝑥 sin(2𝑥) 𝑑𝑥	

	
Now	apply	integration	by	parts	with:		
	

𝑢 = 𝑥																		𝑣 = −
1
2
cos(2𝑥)	

	
𝑑𝑢 = 𝑑𝑥										𝑑𝑣 = sin(2𝑥) 𝑑𝑥	

1
2
𝑥!sin	(2𝑥) − /𝑢𝑣 − .𝑣 𝑑𝑢3	

	
	
1
2
𝑥! sin(2𝑥) − /−

1
2
𝑥 cos(2𝑥) + .

1
2
cos(2𝑥) 𝑑𝑥3	

	
1
2
𝑥! sin(2𝑥) +

1
2
𝑥 cos(2𝑥) − .

1
2
cos(2𝑥) 𝑑𝑥	

	
1
2
𝑥! sin(2𝑥) +

1
2
𝑥 cos(2𝑥) −

1
4
sin	(2𝑥) + 𝐶	

	
	
	 	



Problem	4	
This	is	a	trig	sub	integral.	
	
𝑥 = 3 sin 𝜃 → 	 sin 𝜃 =

𝑥
3
=
𝑜𝑝𝑝
ℎ𝑦𝑝

	

	
𝑑𝑥 = 3 cos 𝜃 𝑑𝜃	

	
	

	
	

	
	

	
	
	

.
𝑥!

√9 − 𝑥!

%

$

𝑑𝑥	

	

.
9sin! 𝜃

√9 − 9 sin! 𝜃
3 cos 𝜃 𝑑𝜃 = .

9 sin! 𝜃
G9(1 − sin! 𝜃)

3 cos 𝜃 𝑑𝜃 = .
9 sin! 𝜃
3 cos 𝜃

3 cos 𝜃 𝑑𝜃	

	

.9sin! 𝜃 𝑑𝜃	

	

9.7
1
2
−
1
2
cos(2𝜃)8 𝑑𝜃	

	

9 /
1
2
𝜃 −

1
4
sin(2𝜃)3	

	

9 /
1
2
𝜃 −

1
4
(2 sin 𝜃 cos 𝜃)3	

	

9 H
1
2
sin"# I

𝑥
3
J −

1
2
I
𝑥
3
JK
√9 − 𝑥!

3
LM

$

%

	

	

9 /
1
2
sin"#(1) −

1
2
(1)(0)3 − 9 /

1
2
sin"#(0) −

1
2
(0)(1)3	

	

9 /
1
2
I
𝜋
2
J − 03 − 0	

	
9𝜋
4
	

	
	
	
	 	

𝜃	

"9 − 𝑥!	

𝑥	3	



Problem	5	
This	is	a	partial	fraction	integral.	
	

2𝑥 − 3
𝑥(𝑥! + 3)

=
𝐴
𝑥
+
𝐵𝑥 + 𝐶
𝑥! + 3

	

	
2𝑥 − 3 = 𝐴(𝑥! + 3) + (𝐵𝑥 + 𝐶)𝑥	

	
Let	𝑥 = 0:		−3 = 𝐴(3) → 		𝑨 = −𝟏	
	

2𝑥 − 3 = −1(𝑥! + 3) + (𝐵𝑥 + 𝐶)𝑥	
	

2𝑥 − 3 = −𝑥! − 3 + 𝐵𝑥! + 𝐶𝑥	
	

2𝑥 − 3 = (−1 + 𝐵)𝑥! + 𝐶𝑥 − 3	
	
This	gives	us:	
	

R−1 + 𝐵 = 0 → 𝑩 = 1
𝑪 = 𝟐 	

	
	
	

!
2𝑥 − 3
𝑥& + 3𝑥 𝑑𝑥 = !1−

1
𝑥 +

𝑥 + 2
𝑥% + 32𝑑𝑥	

	
!1−

1
𝑥 +

𝑥
𝑥% + 3 +

2
𝑥% + 32𝑑𝑥	

	
!−

1
𝑥 𝑑𝑥 +!

𝑥
𝑥% + 3𝑑𝑥 +!

2
𝑥% + 3𝑑𝑥	

	

− ln 𝑥 +
1
2 ln

(𝑥% + 3) +
2
√3

tan'( 1
𝑥
√3
2 + 𝐶	

	
	
	

For	!
𝑥

𝑥% + 3𝑑𝑥			use	a		𝑢 − 𝑠𝑢𝑏,where	𝑢 = 𝑥% + 3	

	

For	!
2

𝑥% + 3𝑑𝑥		pull	out	the	2	and	recognize	this	as	an arctan integral	

	 	



Problem	6	
	
Integrate	both	sides….	
	

!(2𝑦 − 6)𝑑𝑦 = !(2 − 𝑒))𝑑𝑥	

	
𝑦% − 6𝑦 = 2𝑥 − 𝑒) + 𝑐	

Plug	in	𝑦(0) = 0	to	solve	for	𝐶:	
	

0 = −1 + 𝐶	
𝐶 = 1	

	
𝑦% − 6𝑦 = 2𝑥 − 𝑒) + 1	

	
Complete	the	square	to	solve	for	𝑦:	

	
𝑦% − 6𝑦 + 9 = 2𝑥 − 𝑒) + 1 + 9 	

	
(𝑦 − 3)% = 2𝑥 − 𝑒) + 10	

	
𝑦 − 3 = ±√2𝑥 − 𝑒) + 10	

	
𝑦 = 3 ± √2𝑥 − 𝑒) + 10	

	
Since	we	have	to	meet	the	initial	value	of	𝑦(0) = 0,	then	𝑦 = 3 − √2𝑥 − 𝑒) + 10	is	the	only	solution.			

	
	
	
	
	
	 	



Problem	7	
	

a) 𝑃& = 4 − 0.10𝑃	
	

b) 0 = 4 − 0.10𝑃	
. 10𝑃 = 4	

𝑃 =
4
. 10

= 40	
	

c) Solve	part	A	as	a	separable	differential	equation:	
	

𝑑𝑃
𝑑𝑡

= 4 − 0.10𝑃	
	

1
4 − 0.10𝑃

𝑑𝑃 = 𝑑𝑡	
	

ln(4 − 0.10𝑃)
−0.10

= 𝑡 + 𝐶	
	

ln(4 − 0.10𝑃) = −0.10𝑡 + 𝐶	
	

4 − 0.10𝑃 = 𝐶𝑒"$.#$(	
	

0.10𝑃 = 4 − 𝐶𝑒"$.#$(	
	

𝑃 =
4 − 𝐶𝑒"$.#$(

0.10
	

	
𝑃 = 40 − 𝐶𝑒"$.#$(	

	
Use	𝑃(0) = 50	to	solve	for	C:	

	
50 = 40 − 𝐶𝑒$	
10 = −𝐶	
𝐶 = −10	

	
𝑃 = 40 + 10𝑒"$.#$(	

	
d) 40,000	fish	

	
	
	 	



Problem	8:	C	
Use	L’Hospital’s	Rule:	
	

lim
)→#

𝑒)
1
𝑥
=
𝑒
1
= 𝑒	

	
	
	
	
	
Problem	9:	D	
Evaluate	the	limit	using	L’Hospital’s	Rule.	
	
	
Simplify	first…	
	
	

						lim
)→$

ln(sin 𝑥 + 𝑒))	

𝑥
	

			𝑒	
	
Apply	L.H.	Rule…	

							lim
)→$

1
sin 𝑥 + 𝑒)(cos 𝑥 + 𝑒

))	

1
	

			𝑒	
	
	
	

						lim
)→$

cos 𝑥 + 𝑒)

sin 𝑥 + 𝑒)
= 𝑒!	

									𝑒																														
	
	 	



Problem	10:	C	
	
Given	∑ 𝑎,-

,.# = 𝜋,	we	can	conclude	that:	
	

lim
,→-

𝑎, = 0 		and	 lim
,→-

𝑠, = 𝜋	
	
Therefore:	
	

lim
,→-

(𝑒/! − 4 cos(𝑠,)) = 𝑒$ − 4 cos(𝜋) = 1 − 4(−1) = 5	
	

	 	



Problem	11:	B	
	
	

	 	



Problem	12:	E	

	
	
Problem	13	
This	is	an	improper	integral	with	integration	by	parts…	
	

!𝑥𝑒)
$

'*

𝑑𝑥	

	

lim
+→'*

!𝑥𝑒)
$

+

𝑑𝑥	

	
Use	integration	by	parts…	
	

𝑢 = 𝑥																		𝑣 = 𝑒)	
	

𝑑𝑢 = 𝑑𝑥										𝑑𝑣 = 𝑒)𝑑𝑥	
	

lim
+→'*

3𝑢𝑣 −!𝑣 𝑑𝑢7	

	

lim
+→'*

3𝑥𝑒) −!𝑒) 𝑑𝑥7	

	
lim
+→'*

[𝑥𝑒) − 𝑒)]+$	
	

lim
+→'*

[(0 − 𝑒$) − (𝑡𝑒+ − 𝑒+)]	
	

lim
+→'*

[−1 − 𝑡𝑒+ + 𝑒+] = −1 − 0 + 0 = −1	
	
	 	



Problem	14	
	

I. Diverges	

	
II. Converges	to	𝑒0

	 	



III. 	Converges	to	𝜋/2			

	
	
	

IV. Converges	to	0	
	
	
			

	
	 	



Problem	15	

	



	
	
	



	
	 	



Problem	16	

	
	 	



Problem	17	

	
	 	

	

Problem	18	



Problem	19	



	
	 	

Problem	20	

Problem	21	



Problem	22	

	
	 	



Problem	23:	
	
Use	the	Ratio	Test:	

lim
-→*

\
(3𝑥 − 2)-.(

(𝑛 + 1)3-.( ×
𝑛	3-

(3𝑥 − 2)-\	

	

lim
-→*

\
(3𝑥 − 2)𝑛
3(𝑛 + 1) \ = _

3𝑥 − 2
3 _	

	
	

−1 < _
3𝑥 − 2
3 _ < 1	

	
−3 < 3𝑥 − 2 < 3	

	
−1 < 3𝑥 < 5	

	

−
1
3 < 𝑥 <

5
3	

	
Radius:		𝟏

𝟐
:𝟓
𝟑
+ 𝟏

𝟑
; = 𝟏	

	
Test	Endpoints:	

	

𝑥 = −
1
3:		d

(−1)-
(−3)-

𝑛	3-

*

-3(

=	d
3-

𝑛	3-

*

-3(

=d
1
𝑛

*

-3(

	diverges	by	harmonic	series	

	

𝑥 =
5
3:		d

(−1)-
(3)-

𝑛	3-

*

-3(

=	d
(−3)-

𝑛	3-

*

-3(

=d
(−1)-

𝑛

*

-3(

		conveges	by	alternating	series	test	

	
Interval:		:− 𝟏

𝟑
, 𝟓
𝟑
h	

	
	
	
Problem	24	
Use	the	Ratio	Test:	

lim
-→*

\
2-.((𝑥 + 2)-.(

(𝑛 + 2)! ×
(𝑛 + 1)!
2-(𝑥 + 2)-\	

	

lim
-→*

_
2(𝑥 + 2)
(𝑛 + 2) _ = 0	

	
	

Radius:		∞,	Interval:	(−∞,∞)	
	 	



Problem	25	
	
Use	the	Ratio	Test:	

lim
-→*

\
(4𝑥 − 5)%-.%

√𝑛 + 1	(9)-.(
× √𝑛	(9)-

(4𝑥 − 5)%-\	

	

lim
-→*

\
(4𝑥 − 5)%√𝑛
9√𝑛 + 1

\ = \
(4𝑥 − 5)%

9 \	

	
	

\
(4𝑥 − 5)%

9 \ < 1	

	
|(4𝑥 − 5)%| < 9	

	
|4𝑥 − 5| < 3	

	

_𝑥 −
5
4_ <

3
4	

	
Radius:		𝟑/𝟒	

	
	


